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============

The domination number is a parameter that has appeared in numerous location problems \[[@CR19]\] and in the analysis of social network problems \[[@CR4]\]. The adjacency and non-adjacency relation between two vertices *u*, *v* in a graph *G* is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$\gamma(G)$\end{document}$. The problem of finding a minimum size dominating set of a graph is in general NP-hard \[[@CR13]\].

The metric dimension is a parameter that has appeared in robot navigation problems \[[@CR20]\], strategies for the mastermind game \[[@CR8]\], drug discovery problems \[[@CR7], [@CR17], [@CR18]\], coin weighing problems \[[@CR26]\], network discovery and verification problems \[[@CR3]\]. The notation $\documentclass[12pt]{minimal}
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                \begin{document}$d(v, w)\neq d(u, w)$\end{document}$. A minimum resolving set of *G* is called a *metric basis* of *G* and its cardinality is called the *metric dimension* of *G*, denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{dim}(G) (\operatorname{loc}(G))$\end{document}$. Gary and Johnson \[[@CR13]\] noted that the problem of finding the metric dimension of a graph is NP-hard; however, its explicit construction is given by Khuller et al. \[[@CR20]\]. The problem of finding the metric dimension of a graph is formulated as an integer programming problem by Chartrand et al. \[[@CR7]\]. Relations between the domination number and the metric dimension of a graph are given in \[[@CR1]\].

It is found in \[[@CR2]\] that there are 256 possible products of any two graphs using the adjacency and the non-adjacency relations of these graphs. Several interesting types of graph products have been studied extensively in the literature. For instance, Caceres et al. \[[@CR6]\], Yero et al. \[[@CR29]\], Rodriguez-Velazquez et al. \[[@CR24]\], Saputroa et al. \[[@CR25]\], and Jannesari and Omoomi \[[@CR16]\] investigated the metric dimension of the cartesian product, the corona product, the strong product, and the lexicographic product of graphs, respectively.

Out of product graphs, there is another well-known product graph introduced by Ore in 1962 \[[@CR22]\], with the name *cartesian sum of graphs*. It was named *co-normal product of graphs* in \[[@CR12]\]. Different properties and results regarding coloring and the chromatic number of the co-normal product of graphs are discussed in \[[@CR5], [@CR9], [@CR11], [@CR12], [@CR23], [@CR28]\]. In \[[@CR21]\], Kuziak et al. studied the strong metric dimension of the co-normal product of graphs using the strong metric dimension of its components. In this paper, we have studied the domination number and the metric dimension of the co-normal product of graphs.

All considered graphs in this paper are non-trivial, simple and finite. In the next section, we describe some structural properties of the co-normal product of graphs. In Sect. [3](#Sec4){ref-type="sec"}, we study the domination number of the co-normal product of graphs and describe conditions on the graphs *G* and *H* so that the domination number of $\documentclass[12pt]{minimal}
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                \begin{document}$\gamma(G)$\end{document}$. We also give bounds on the domination number of the co-normal product of graphs. In Sect. [4](#Sec5){ref-type="sec"}, we describe some properties of resolving sets in the co-normal product of graphs and give bounds on the metric dimension of the co-normal product of graphs. Moreover, we establish formulas for the metric dimension of some families of graphs.

Methods {#Sec2}
=======

We use the combinatorial computing, combinatorial inequalities and graph theoretic analytic methods to prove the main results. The aim of this research is to provide bounds on the domination number and the metric dimension of the co-normal product of graphs and to give exact formulas for the metric dimension of some families of graphs.

Co-normal product of graphs {#Sec3}
---------------------------

The *co-normal product* (the terminology we have adopted) of a graph *G* of order *m* with the vertex set $\documentclass[12pt]{minimal}
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A graph having *n* vertices in which each vertex is adjacent to all other vertices is called a *complete graph*, denoted by $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar1}

(Frelih and Miklavic)
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The diameter of a graph *G*, denoted by $\documentclass[12pt]{minimal}
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### Theorem 2 {#FPar2}

(Kuziak, Yero, Rodriguez-Velazquez)

*Let G and H be two non*-*trivial graphs such that at least one of them is non*-*complete and let* $\documentclass[12pt]{minimal}
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### Observation 1 {#FPar3}

For any vertex $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{ij}\in V(G_{H})$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\operatorname{deg}(v_{ij})= \bigl\vert V(H) \bigr\vert \operatorname {deg}(v_{i})+\bigl( \bigl\vert V(G) \bigr\vert - \operatorname {deg}(v_{i})\bigr)\operatorname{deg}(u_{j}). $$\end{document}$$

### Observation 2 {#FPar4}
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Two vertices having the same neighbors are called *false twins*. In the next theorem, we describe conditions for any two distinct vertices in $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar5}
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### Proof {#FPar6}
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Domination in co-normal product of graphs {#Sec4}
=========================================

A vertex of a graph *G* is a *dominating vertex* if its degree is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|V(G)|-1$\end{document}$. Throughout this section and the next section, the graphs *G*, *H* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G_{H}$\end{document}$ are as described in Sect. [2](#Sec2){ref-type="sec"}. We define vertex sets, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G(u_{j})=\{v_{ij}: v_{i}\in V(G)\}\subseteq V(G_{H})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H(v_{i})=\{v_{ij}: u_{j}\in V(H)\}\subseteq V(G_{H})$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{i}\in V(G)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{j}\in V(H)$\end{document}$. In Fig. [1](#Fig1){ref-type="fig"}, we represent such classes. In the next two results, we give conditions on *G* and *H* for which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G_{H}$\end{document}$ have domination numbers 1 or 2.

Lemma 2 {#FPar8}
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Lemma 3 {#FPar10}
-------
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Metric dimension in co-normal product of graphs {#Sec5}
===============================================

In this section, we study the properties of resolving sets in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G_{H}$\end{document}$ and establish formulas for the co-normal product of some families of graphs. In Theorem [10](#FPar34){ref-type="sec"}, we give bounds on the metric dimension of the co-normal product of a connected graph *G* and a graph *H* (not necessarily connected). In the rest of this paper, we assume *G* and *H* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G_{H}$\end{document}$ is connected. Moreover, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G_{H}$\end{document}$ has diameter at most two unless otherwise stated. In the next lemma, we will prove that, for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{i}\in V(G)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{j}\in V(H)$\end{document}$ and an ordered set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$W(v_{i})\subseteq H(v_{i})$\end{document}$, the distance of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{ij}, v_{kj}\in G(u_{j})$\end{document}$ to the vertices of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$W(v_{i})$\end{document}$ is equal if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{ij}\notin W(v_{i})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{i}\nsim v_{k}$\end{document}$ in *G*.
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Lemma 5 {#FPar18}
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In \[[@CR15]\], the authors proved the following corollary, which gives the relation between resolving sets and false twins of a graph.

Corollary 1 {#FPar20}
-----------

(Hernando, Mora, Pelaya, Seara, Wood)

*Suppose* *u*, *v* *are twins in a connected graph* *G* *and* *W* *resolves* *G*. *Then* *u* *or* *v* *is in* *W*. *Moreover*, *if* $\documentclass[12pt]{minimal}
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Theorem 6 {#FPar21}
---------

*Let* *G* *be a connected graph and* *H* *be an arbitrary graph such that* $\documentclass[12pt]{minimal}
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-----
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The following corollary directly follows from Theorem [6](#FPar21){ref-type="sec"}, which gives the relation between dominating sets and resolving sets of $\documentclass[12pt]{minimal}
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Corollary 2 {#FPar23}
-----------
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In the next theorem, we give conditions on *G* and *H* for which the metric dimension of $\documentclass[12pt]{minimal}
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Theorem 7 {#FPar24}
---------
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Proof {#FPar25}
-----
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Corollary 3 {#FPar26}
-----------
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In \[[@CR16]\], Jannesari and Omoomi introduced the concept of the adjacency metric dimension of a graph and used it to find the metric dimension of lexicographic product of graphs. A function $\documentclass[12pt]{minimal}
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Theorem 8 {#FPar28}
---------
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Corollary 4 {#FPar30}
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In the next theorem, we give a formula for the metric dimension of $\documentclass[12pt]{minimal}
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Theorem 9 {#FPar32}
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Theorem 10 {#FPar34}
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For a complete graph *G* and a null graph *H*, Theorem [2](#FPar2){ref-type="sec"}(1) shows that $\documentclass[12pt]{minimal}
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Theorem 11 {#FPar36}
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-----
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Conclusions {#Sec6}
===========
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